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s.2012.1Abstract In this article we introduce new classes of life distributions namely harmonic new better
(worse) than used in expectation after speciﬁc age t0 HNBUE
*t0 (HNWUE
*t0). The closure proper-
ties under various reliability operations such as convolution, mixture, mixing and the homogeneous
Poisson shock model of these classes are studied. Furthermore, nonparametric test is proposed to
test exponentiality vs. the HNBUE*t0 class. The critical values and the powers of this test are cal-
culated to assess the performance of the test. It is shown that the proposed test have high efﬁciencies
for LFR and Weibull distributions. Sets of real data are used as examples to elucidate the use of the
proposed test for practical problems.
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There are many situations in real life where the phenomena
needs to be studied after time t0. For example, before the
appearance of a disease there may exist an incubation period
t0, during which the disease is unobservable. Concepts of aging
play an important role in theory of reliability, life testing, sur-hoo.com (M.A.W. Mahmoud),
f), alaadean_mag@yahoo.com
ptian Mathematical Society.
g by Elsevier
ical Society. Production and hostin
0.010vival analysis and other related ﬁelds. For example Barlow and
Proschan [1], Deshpand et al. [2] and Cao and Wang [3], gave
deﬁnitions of several classes of distributions, NBU, NBU(2)
and NBUE. Rolski [4] introduced the HNBUE (harmonic
new better than used in expectation) class, subsequently the
HNBUE has been studied from many points of view by
Klefsjo [5] and Basu and Kirmani [6]. Testing exponentiality
vs. the classes of life distributions has been a good deal of
attention. For testing against IFR class we refer to Barlow
and Proschan [1] and Ahmed [7]. For testing IFRA we refer
to Ahmed [8] and Deshpande [9], while testing vs. NBU are
discussed by Hollander and Proschan [10], Koul [11], Kumaz-
awa [12] and Ahmed [8]. Mahmoud et al. [13–15] for NRBU,
RNBU and HNRBUE classes. Testing vs. NBUL are dis-
cussed by Diab et al. [16] and Diab [17]. Hollander and
Proschan [18], Koul and Susarla [19], Klefsjoe [20] and Borges
et al. [21] for (NBUE) class. Finally testing vs. HNBUE can be
found in the work of Klefsjoe [20], Basu and Ebrahim [22],
Ahmed [23] and Hendi et al. [24].g by Elsevier B.V. Open access under CC BY-NC-ND license.
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classes of life distributions at speciﬁc age from various points
of view. For more details we refer to Hollander et al. [25],
Ebrahimi and Habbibullah [26], Ahmed [27] and Pandit and
Anuradha [28] for NBU  t0, Zehui and Xiaohu [29] for
IFRA*t0 and NBU
*t0 and Elbatal [30] for NBUC  t0 and
NBU(2)  t0.
In this article we introduce a new class of life distribution
namely HNBUE*t0, and its dual class HNWUE
*t0, which is
the generalization of HNBUE (HNWUE) class of life
distribution.
Let X be a random variable having distribution function F
and l ¼ R1
0
FðxÞdx < 1, where F denotes the survival func-
tion 1  F.
Deﬁnition 1.1. X is harmonic new better than used in
expectation (denoted by X 2 HNBUE) if
Z 1
0
Fðxþ tÞdx 6 let=l for all tP 0: ð1:1Þ
Deﬁnition 1.2. X is harmonic new better than used in expecta-
tion after speciﬁc age t0(denoted by X 2 HNBUE*t0) if
Z 1
0
Fðxþ tÞdx 6 let=l for all tP t0 P 0: ð1:2Þ
In the current investigation, Preservation under convolu-
tion, mixture, mixing and the homogeneous Poisson shock
model of the HNBUE*t0 (HNWUE
*t0) classes are discussed
in Section 2. In Section 3 based on Goodness of ﬁt technique
we present a procedure to test X is exponential vs. it is
HNBUE*t0 and not exponential. Finally numerical examples
is presented in Section 4.2. Some properties of the HNBUE*t0 class
In this section some properties of HNBUE*t0 and HNWUE
*t0
classes are introduced under convolution, mixture, mixing and
the shock model in homogeneous case.
Theorem 2.1. The HNBUE*t0 class is preserved under
convolution.
Proof 1. Suppose that F1 and F2 are two independent
HNBUE*t0 lifetime distributions then their convolution is
given by:F ¼
Z 1
0
F1ðz yÞdF2ðyÞ:
And therefore:Z 1
0
Fðxþ tÞdx ¼
Z 1
0
Z 1
0
F1ðxþ t uÞdF2ðuÞdx
¼
Z 1
0
Z 1
0
F1ðxþ t uÞdxdF2ðuÞ:
Since F1 is HNBUE
*t0 thenZ 1
0
Fðxþ tÞdx 6
Z 1
0
Z 1
0
et=lF1ðx uÞdxdF2ðuÞ
¼ et=l
Z 1
0
Z 1
0
F1ðx uÞdF2ðuÞdx
¼ et=l
Z 1
0
FðxÞdx:
which complete the proof. h
The following theorem is presented to show that
HNWUE*t0 class is preserved under convolution.
Theorem 2.2. The HNWUE*t0 class is preserved under
convolution.
Proof 2. The proof is obtained by reversing the inequality in
the last proof. h
The following theorem is stated and proved to show that
the HNBUE*t0 class is preserved under mixture.
Theorem 2.3. The HNBUE*t0 class is preserved under mixture.
Proof 3. Suppose Fa is HNBUE
*t0 then their mixture is:
FðxÞ ¼
Z 1
0
FaðxÞdGðaÞ:
Therefore:
Z 1
0
Fðxþ tÞdx ¼
Z 1
0
Z 1
0
Faðxþ tÞdGðaÞdx
¼
Z 1
0
Z 1
0
Faðxþ tÞdxdGðaÞ: ð2:1Þ
Since Fa is HNBUE
*t0 thenZ 1
0
Z 1
0
Faðxþ tÞdxdGðaÞ 6
Z 1
0
Z 1
0
et=lFaðxÞdxdGðaÞ
¼ et=l
Z 1
0
Z 1
0
FaðxÞdGðaÞdx
¼ et=l
Z 1
0
FðxÞdx:  ð2:2Þ
The following theorem is presented to show that
HNWUE*t0 class is preserved under mixture.
Theorem 2.4. The HNWUE*t0 class is preserved under mixture.
Proof 4. The proof is obtained by reversing the inequality in
the last proof. h
The following example illustrates that the HNBUE*t0 class
is not preserved under mixing.
Example 2.1. Let F1 ¼ edx and F2 ¼ ecx. Let F ¼ 12F1 þ 12F2.
It follows that both F1 and F2 are HNBUE
*t0 but F is not
HNBUE*t0.2.1. Homogeneous Poisson shock model
Suppose that a device is subjected to sequence shocks occur-
ring randomly in the time according to a Poisson process with
158 M.A.W. Mahmoud et al.constant intensity k. Suppose further that the device has prob-
ability pk of surviving the ﬁrst k shocks, where
1 ¼ p0 P p1 P   . Then the survival function of the device
is given by
HðtÞ ¼
X1
k¼0
pk
ðktÞk
k!
ekt: ð2:3Þ
This shock model has been studied by Esary [31] for IFR,
IFRA, DMRL, NBU and NBUE classes. Klefsjo [32] for
HNBUE and Mahmoud et al. [33] for NBURFR  t0.
Deﬁnition 2.1. A discrete distribution pk, k= 0, 1, . . .,1 or its
survival probabilities pk; k ¼ 0; 1; . . . ;1 is said to have
discrete harmonic new better (worse)than used expectation
after speciﬁc age t0 (HNBUE
*t0)(HNWUE
*t0) if
X1
r¼0
prþj 6 ðPÞ 1 1
m
 jX1
r¼0
pr; j ¼ 0; 1; . . . : ð2:4Þ
Now, let us introduce the following theorem.
Theorem 2.5. If pk is discrete HNBUE
*t0, then HðtÞ given by
(2.3) is HNBUE*t0.
Proof 5. Upon using (2.3), we have
lH ¼
Z 1
0
HðtÞdt ¼ 1
k
X1
k¼0
pk
Z 1
0
ðktÞk
k!
ektdðktÞ ¼ 1
k
X1
k¼0
pk ¼ mk ;
where m is the mean of the discrete distribution pk.
It must be shown that
Z 1
t0
Hðxþ tÞdx 6 et=l
Z 1
t0
HðxÞdx:
Upon using (2.3), we get
Z 1
0
Hðxþ tÞdx ¼
Z 1
0
X1
k¼0
pk
½kðtþ xÞk
k!
ekðxþtÞdx
¼ ekt
X1
k¼0
pk
Xk
r¼0
ðkr Þ
ðktÞkr
k!
Z 1
0
ðkxÞrekxdx:
Integrating by parts yields
¼ e
kt
k
X1
r¼0
X1
k¼r
pk
ðktÞðkrÞ
ðk rÞ! ¼
ekt
k
X1
r¼0
X1
j¼0
pjþr
ðktÞj
j!
6 e
kt
k
X1
j¼0
X1
r¼0
1 1
m
 j
pr
ðktÞj
j!
¼ 1
k
X1
j¼0
ðkt 1 1
m
 Þj
j!
ekt
X1
r¼0
pr
¼ ekt 11mð Þekt
X1
r¼0
pr ¼ ektm
Z 1
0
X1
r¼0
ðkxÞr
r!
pre
kxdx
¼ et=lH
Z 1
0
HðxÞdx: 
The proof for the HNWUE*t0 class is obtained by reversing
the inequality.3. A goodness of ﬁt approach to HNBUE*t0
The main aim of this section is to present a test statistic based
on goodness of ﬁt technique for testing H0: F is exponential vs.
H1: F belongs to HNBUE
*t0 class and not exponential. We
propose the following measure of departure
D ¼
Z 1
t0
let=ldF0ðtÞ 
Z 1
t0
Z 1
0
Fðxþ tÞdxdF0ðtÞ;
and since this measure is scale invariant then without loss of
generality we can take l= 1 and F0(t) = 1  et.
The following lemma is essential for the development of our
test statistic.
Lemma 3.1. Let X be a HNBUE*t0 random variable with
distribution function F then
d ¼ E 1
2
þ et0  Xet0  eX
 
:
Proof 6. Note that
D ¼
Z 1
t0
e2tdt
Z 1
t0
Z 1
0
etFðxþ tÞdxdt ¼ I1  I2;
now since
Fðxþ tÞ ¼ E½IðX > xþ tÞ;
then
I1 ¼ 1
2
e2t0 ;
and
I2 ¼ EfXet0 þ eX  t0et0  et0g:
One can notice that the value of D under H0 equals f,
where
f ¼ 1
2
e2t0 þ t0et0  1
2
:
So, consider d= D  f, then d can be written in the following
form
d ¼ E 1
2
þ et0  Xet0  eX
 
: ð3:1Þ
Thus the result follows. h
Note that under H0: d= 0, while under H1: d> 0.
Based on a random sample X1, X2, X3, . . ., Xn from a distri-
bution F an unbiased estimate of d is given by
d^n ¼ 1
n
Xn
i¼1
1
2
þ et0  Xiet0  eXi
 	
: ð3:2Þ
To ﬁnd the limiting distribution of d^n we resort to the U-sta-
tistic theory (cf. [34]). Set
UðXÞ ¼ 1
2
þ et0  Xet0  eX:
Table 3.1 The PAE’s for LFR and Weibull families.
Test LFR Weibull
Hollander–Proschan 0.8660 1.2007
Ahmad et al. 0.7490 1.2280
d 5.785 3.69659
Table 3.2 Critical values of statistic d^n at t0 = 1.3.
n 0.01 0.05 0.10 0.90 0.95 0.99
2 0.333 0.185 0.135 0.114 0.126 0.140
3 0.247 0.155 0.111 0.096 0.115 0.132
4 0.190 0.131 0.089 0.081 0.100 0.126
5 0.167 0.108 0.080 0.076 0.094 0.116
6 0.160 0.099 0.073 0.070 0.084 0.110
7 0.155 0.095 0.070 0.066 0.079 0.099
8 0.139 0.084 0.064 0.059 0.074 0.096
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r2 ¼ Var½/ðXÞ:
Under H0, we get
r20 ¼ e2t0 
1
2
et0 þ 1
12
: ð3:3Þ
According to Lemma 3.1, Theorem 3.1 is immediate.
Theorem 3.1.
(i) As n !1; ﬃﬃﬃnp ðd^n  dÞ  Nð0; r2Þ, where
r2 ¼ Var 1
2
þ et0  Xet0  eX
 
:
(ii) Under H0 the variance is reduced to r20in (3.3).9 0.129 0.082 0.063 0.057 0.072 0.090
10 0.107 0.075 0.055 0.056 0.067 0.093
11 0.113 0.073 0.051 0.055 0.066 0.088
12 0.108 0.066 0.051 0.052 0.064 0.084
13 0.103 0.067 0.049 0.048 0.057 0.081
14 0.104 0.067 0.050 0.047 0.057 0.078
15 0.104 0.059 0.047 0.047 0.059 0.080
16 0.093 0.059 0.046 0.045 0.054 0.075
17 0.096 0.058 0.045 0.040 0.053 0.069
18 0.086 0.057 0.043 0.041 0.053 0.068
19 0.085 0.058 0.042 0.039 0.048 0.067
20 0.083 0.053 0.040 0.040 0.050 0.066
21 0.083 0.054 0.040 0.038 0.046 0.067
22 0.078 0.054 0.039 0.039 0.049 0.064
23 0.072 0.050 0.037 0.037 0.047 0.067
24 0.074 0.050 0.037 0.036 0.044 0.064
25 0.074 0.050 0.039 0.037 0.045 0.061
26 0.075 0.049 0.038 0.035 0.044 0.058
27 0.074 0.050 0.038 0.035 0.044 0.058
28 0.067 0.046 0.037 0.032 0.042 0.060
29 0.076 0.045 0.035 0.032 0.041 0.058
30 0.072 0.046 0.035 0.034 0.041 0.052
31 0.066 0.046 0.034 0.032 0.042 0.057
32 0.065 0.042 0.033 0.031 0.038 0.051
33 0.063 0.044 0.033 0.030 0.039 0.054
34 0.068 0.044 0.033 0.029 0.038 0.054
35 0.064 0.042 0.032 0.029 0.038 0.053
36 0.063 0.042 0.031 0.029 0.037 0.051
37 0.065 0.041 0.031 0.030 0.037 0.0513.1. The Pitman Asymptotic Efﬁciency (PAE) of d
To asses how good this procedure is relative to others in the
literature we evaluate its Pittman asymptotic efﬁciency
(PAE) for two alternatives in the class HNBUE*t0, these are:
1. Linear failure rate family (LFR): F hðxÞ ¼ exp x h2 x2
 
;
x > 0; hP 0.
2. Weibull family: F h ¼ exh ; x > 0; hP 0.
The PAE is deﬁned by
PAEðdÞ ¼ 1
r0
dd
dh


h!h0
:
Consider
dh ¼
Z 1
t0
e2tdt
Z 1
t0
Z 1
0
etFhðxþ tÞdxdt;
then
@
@h
dh ¼ 1
2
e2t0 
Z 1
t0
Z 1
0
etF0hðxþ tÞdxdt:
It is easy to prove that0
1
2
3
4
5
6
7
ef
fic
ie
nc
y
LFR family Weibull family
Figure 4.1 The relation between efﬁciencies and t0 6 5.
38 0.061 0.041 0.033 0.028 0.037 0.053
39 0.059 0.038 0.030 0.029 0.037 0.048
40 0.056 0.038 0.031 0.029 0.036 0.048
41 0.059 0.037 0.030 0.028 0.036 0.045
42 0.058 0.039 0.028 0.029 0.035 0.046
43 0.056 0.038 0.027 0.027 0.034 0.048
44 0.054 0.036 0.028 0.027 0.034 0.045
45 0.054 0.036 0.028 0.027 0.033 0.048
46 0.056 0.036 0.029 0.025 0.034 0.046
47 0.053 0.038 0.028 0.026 0.032 0.046
48 0.053 0.036 0.028 0.025 0.030 0.044
49 0.059 0.038 0.026 0.025 0.033 0.045
50 0.053 0.036 0.027 0.024 0.031 0.046PAEðd^;FÞ ¼ 1
r0
1
2
e2t0 þ
Z 1
t0
exF0hðxÞdx
Z 1
t0
F0hðxÞdx

;
PAEðd^;LFRÞ ¼ 1
r0
et0
t20
2
þ t0 þ 1
 
 e
2t0
4
t20
2
þ t0  3
2
 
;
Table 3.3 Power estimates using a= 0.05 at t0 = 1.3.
n h= 1 h= 2 h= 3 h= 4
LFR 10 0.994 0.989 0.977 0.965
20 0.990 0.976 0.959 0.922
30 0.998 0.985 0.965 0.910
Weibull 10 0.953 1.000 1.000 1.000
20 0.951 1.000 1.000 1.000
30 0.950 1.000 1.000 1.000
160 M.A.W. Mahmoud et al.and
PAEðd^;WeibullÞ ¼ 1
r0
1
2
t0e
t0 lnt0 þ 1
4
e2t0 þ 1þ ln2
4
 
et0

þ 3
4
Z 1
t0
exlnxdx
:
Fig. 4.1 shows the relation between efﬁciencies and t0 6 5.
In view of Fig. 4.1 it is noticed that the maximum efﬁcien-
cies are at t0 = 1.3 and the PAE for the LFR alternative is
greater than the PAE for Weibull alternative.
We compare the above procedure at t0 = 1.3 to that of
Hollander and Proschan [18] and Ahmad et al. [35], and the re-
sults are shown in Table 3.1.
Table 3.1 shows that our test outperforms the others tests
for the two alternatives.
3.2. Monte Carlo null distribution critical points
Many practitioners, such as applied statisticians, and reliabil-
ity analysts are interested in simulated percentiles. Table 3.2
gives these percentile points of the statistic d^n given in (3.2)
at t0 = 1.3 and the calculations are based on 1000 simulated
samples of sizes n= 2(1)50.
3.3. The power estimates
Table 3.3 shows the power estimates of the test statistic d^n gi-
ven in (3.2) at the signiﬁcant level 0.05 using LFR and Weibull
distributions. The estimates are based on 1000 simulated sam-
ples for sizes n= 10, 20 and 30.
From Table 3.3 we can show that our test has very good
power.
4. Applications
Here, we will present real examples to elucidate the applica-
tions of our test at 95% conﬁdence level.
Example 4.1. The following data represent 39 liver cancers
patients taken from Elminia cancer center Ministry of Health–
Egypt, which entered in (1999). The ordered life times (in
years) are:
0.027 0.038 0.038 0.038 0.038 0.038 0.041 0.047 0.049 0.055
0.055 0.055 0.055 0.055 0.063 0.063 0.066 0.071 0.082 0.082
0.085 0.110 0.314 0.140 0.143 0.164 0.167 0.184 0.195 0.203
0.206 0.238 0.263 0.288 0.293 0.293 0.293 0.318 0.411It was found that d^n ¼ 0:141 and this value less than the
tabulated critical value in Table 3.2. Then we accept H0 which
states that the data set has exponential property.
Example 4.2. Consider the following data, which represent
failure times in hours, for a speciﬁc type of electrical insulation
in an experiment in which the insulation was subjected to a
continuously increasing voltage stress [36, p. 138]:
0.205 0.363 0.407 0.477 0.72 0.782
1.178 1.255 1.592 1.635 2.31It was found that d^n ¼ 0:0697 which is greater than the tab-
ulated critical value in Table 3.2.Then we conclude that this
data set has HNBUE*t0 property.References
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